An elliptic fibration is a proper morphism f : X → Y of normal projective varieties whose generic fibre E is a regular curve of genus 1. The Mordell-Weil rank of such a fibration is defined to be the rank of the finitely generated abelian group Pic 0 E of degree-0 line bundles on E. In particular, f is called extremal if its Mordell-Weil rank is 0.
Preliminaries
In this section we explain how to obtain an elliptic fibration from a net of quadrics in P 3 , under a certain nondegeneracy assumption on the net. We then point out some simple consequences of this assumption which we will use later in the paper.
First let us consider what restriction is needed on a net of quadrics in P 3 to ensure that it gives an elliptic fibration as defined above. Given any net with a chosen set of generators, say N = Q 1 , Q 2 , Q 3 , we get a rational map P 3 P 2 : explicitly, the map is p → [Q 1 (p), Q 2 (p), Q 3 (p)]. This map is defined outside the base locus of N , so we would like to 'blow up at the base locus' (in some sense) to get a morphism f : X → P 2 from a smooth threefold to P 2 . Furthermore, since we are interested in elliptic fibrations, we want the generic fibre of f to be a smooth curve of genus 1. If the base locus of the net is reduced (that is, it consists of 8 distinct points), we can blow up these 8 points in the usual way, and we do in fact get an elliptic fibration. But the condition of reduced base locus is too Root lattice Pic 0 (E) Type of net Standard Form
{6, 2}
{5, 3} restrictive for our purposes -it is proved in [16] that there is only one such net which gives an extremal fibration -so we would like to relax it as far as possible. Consider however the net spanned by the following 3 quadrics in P 3 with homogeneous coordinates [X, Y, Z, W ]: . Therefore we get a rational map P 3 P 2 defined outside these 5 points. We want to resolve the indeterminacy of this rational map to get a morphism f : X → P 2 which is an elliptic fibration. Suppose we are in the characteristic 0 case: then we can blow up along points and curves to get a morphism (though not uniquely). Bertini's theorem then tells us that the general fibre of f is smooth. On the other hand, the general fibre is birational to a quartic curve C = Q ∩ Q ′ , the intersection of 2 quadrics in the net. One can check that any such C is singular at p, and hence is rational. Therefore the general fibre of f is rational.
Since we are only interested in elliptic fibrations, we want to exclude troublesome examples like this one. What went wrong? The problem is that the differentials dQ 1 and dQ 2 are both zero at p, so no intersection Q ∩ Q ′ of 2 quadrics in the net can be smooth at p. Since the generic fibre of f : X → P 2 is birational to a singular quartic of the form Q ∩ Q ′ (a rational curve), we never get an elliptic fibration in this case. Therefore in what follows we assume that all nets of quadrics in P 3 satisfy the following assumption.
Assumption 1:
There exist quadrics Q, Q ′ in the net such that the intersection Q ∩ Q ′ is smooth at the base locus of the net. Equivalently, for each P 3 -basepoint p of the net, there is at most one quadric in the net singular at p.
Under this assumption we obtain an elliptic fibration as follows. Choose a quartic curve of the form C = Q ∩ Q ′ which is smooth at the base locus, and a quadric Q ′′ , not in the pencil spanned by Q and Q ′ , also smooth at the base locus. (This is possible since smoothness at a given point is an open condition on quadrics.) Since C is smooth, its higher tangent directions uniquely define the basepoints infinitely near to any multiple basepoint of the net. Blowing up repeatedly at these basepoints, we obtain a threefold X on which the proper transforms of C and Q ′′ are disjoint, and hence a morphism f : X → P 2 . For f : X → Y the blowup of a point in a smooth variety of dimension n, we have the formula K X = f * (K Y ) + (n − 1)E, where E is the exceptional divisor of the blowup. Applying this in the case where X is obtained from P 3 by blowing up 8 points, we get K X = −4h + 2e 1 + · · · + 2e 8 . So the class − 1 2 K X = 2h − e 1 − · · · − e 8 is represented by the proper transform on X of any quadric in the net smooth at the base locus. This means that the morphism f : X → P 2 from the previous paragraph is the same as the one given by the basepoint-free linear system | − 1 2 K X |. The generic fibre E of f need not be smooth, but it is a regular scheme. Also, adjunction tells us the canonical bundle K E is trivial, so E has arithmetic genus 1. Hence f is an elliptic fibration, as claimed.
Remark: It is customary to refer to a fibration as above whose generic fibre is regular but not smooth as a quasi-elliptic fibration, but since the arguments of this paper apply equally well in both the elliptic and quasi-elliptic cases, we abuse terminology and refer to both as elliptic fibrations. Many facts about quasi-elliptic fibrations are known: for instance, they exist only if the base field has characteristic 2 or 3; also, the geometric generic fibre E(k(P 2 )) is always a cuspidal rational curve [4, Proposition 5.1. 2] . Note that the final net in Table 1 , which is extremal only in characteristic 2, gives a quasi-elliptic fibration.
Remark: It is a classical fact that the fibrations f : X → P 2 correspond to nets of cubic curves in the plane. In one direction, projecting from one basepoint of our net N of quadrics transforms the net of quartic curves in P 3 dual to N to a net of cubic curves in P 2 with 7 basepoints; in the other, blowing up the 7 basepoints of such a net and taking the universal family X of elliptic curves over the resulting surface, we get an elliptic fibration X → P 2 birational to our original fibration f : X → P 2 . For more details on this correspondence see [6, Section 6.3.3] .
Here are some straightforward consequences of Assumption 1. Proof: For any choice of distinct indices we have −K X • (l − 3 k=1 l i k ) = −1 (where • denotes intersection of cycles on X), but this is impossible for an effective cycle since −K X is basepoint-free.
For the second claim, suppose there was an effective cycle h − 5 k=1 e j k in N 1 (X); its image in P 3 would be a plane P . Choose any quartic curve C = Q ∩ Q ′ , an intersection of 2 quadrics in the net, which is smooth at the base locus; such a curve exists by Assumption 1. Its proper transformC on X has class 4l − 8 i=1 l i . Therefore (h − 5 k=1 e j k ) •C = −1, implying that any such C is contained in P . But smoothness of C at a finite set of points is an open condition on Q and Q ′ , so this is impossible. (QED Lemma 1.1)
Lemma 1.2 Given a net of quadrics satisfying Assumption 1, we have the following facts:
• There is at most 1 double plane in the net.
• There are at most n irreducible cones with vertices at basepoints of the net, where n is the number of distinct P 3 -basepoints of the net.
• There are finitely many rank-2 quadrics in the net.
Proof: Any double plane is singular at all P 3 -basepoints, so by Assumption 1 we get the first claim. For the second, Assumption 1 implies there is at most 1 cone with vertex at a given P 3 -basepoint p i . For the final claim, suppose there is a curve of rank-2 quadrics in the net. Then every pencil in the net contains a reducible quadric, hence its base locus is a reducible quartic in P 3 . But each fibre of f : X → P 2 is birational to the base locus of some pencil in the net, hence must be reducible. This contradicts regularity of the generic fibre.
(QED Lemma 1.2) 5 2 Rank of the elliptic fibration
In this section, we derive a formula for the rank of an elliptic fibration f : X → P 2 obtained from a net of quadrics in P 3 , in terms of the number of distinct P 3 -basepoints of the net and the number of quadrics of rank 2 in the net. This generalises [17, Theorem 7.2] , which gives the formula for a net with 8 distinct P 3 -basepoints. 
where n is the number of distinct P 3 -basepoints of the net, and d the number of quadrics of rank 2 in the net. In particular, f is extremal if and only if d = n − 1.
Proof:
The rank of an elliptic threefold f : X → S is given by the Shioda-Tate-Wazir formula [9, Theorem 2.3] . Let us derive this formula in our case S = P 2 . To do this, we imitate the proof of [17, Theorem 7.2] . We have a surjective homomorphism r : Pic X → Pic E given by restriction of divisors, and so rank Pic E = rank Pic X − rank ker r. Since we know that Pic E = Pic 0 E ⊕ Z, this gives rank Pic 0 E = rank Pic X − rank ker r − 1 = 8 − rank ker r. So we need to calculate the rank of the kernel of the restriction homomorphism.
The kernel of r is generated by the classes of all irreducible divisors in X which do not map onto P 2 under f . If λ is the class of a line in P 2 , then f * (λ) = − 1 2 K X , so the pullback of any irreducible divisor in P 2 is a multiple of − 1 2 K X . Therefore the kernel of the restriction homomorphism is generated by − 1 2 K X together with r F classes for every irreducible divisor F in P 2 whose preimage in X consists of r F + 1 irreducible components, say
j=1 m F j D F j . I claim that the divisors D F j for any F and 1 ≤ j ≤ r F are linearly independent in Pic X ⊗ Q. This follows from the corresponding fact about a morphism from a surface to a curve [2, Lemma II.8. 2] , by restricting to the inverse image of a general line in P 2 . So the MordellWeil group Pic 0 E has rank 8−1− r F . We must show this can be written as n−d−1, where n is the number of distinct P 3 -basepoints of the net, and d the number of rank-2 quadrics in the net.
The map f : X → P 2 is given by resolving the indeterminacy of the rational map P
where Q i is any (fixed) basis for the net of quadrics. So a fibre of f is (at least away from the base locus of the net) the intersection Q ∩ Q ′ of 2 quadrics in the net, hence a quartic curve. Let us refer to the corresponding quartic curve Q ∩ Q ′ in P 3 as the pseudofibre of f over the given point.
If the intersection Q ∩ Q ′ is smooth at the base locus, then the pseudofibre Q ∩ Q ′ is isomorphic to the corresponding fibre of f . If such a fibre contains a line, then this must be the line through 2 of the basepoints p i . So there are only finitely many fibres smooth at the base locus which contain a line. The only other possibility for a reducible pseudofibre smooth at the base locus is that it be the union C 1 ∪ C 2 of 2 smooth conic curves in P 3 . But each curve C i is contained in a plane P i in P 3 ; the union P 1 ∪ P 2 is therefore a rank-2 quadric in the net which is smooth at the base locus.
Note this implies in particular that if a reducible divisor ∆ in P 3 contains a pseudofibre smooth at the base locus and maps to a curve in P 2 , then in fact it maps to a line in P 2 .
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To see this, assume without loss of generality that ∆ is a union of pseudofibres. Every pseudofibre contained in ∆ and smooth at the base locus is contained in some rank-2 quadric Q, whose image in P 2 is a line, and Lemma 1.2 shows there are finitely many such Q. These pseudofibres are dense in ∆, so the image of ∆ is contained in a finite union of lines in P 2 . If different pseudofibres were contained in different rank-2 quadrics, the image of ∆ would be a union of distinct lines, hence reducible, but this contradicts our assumption. Therefore the image of ∆ in P 2 is a line, as required. So the only possibilities for reducible pseudofibres which are smooth at the base locus are exactly those described in [17] . Let us therefore consider pseudofibres Q ∩ Q ′ which are not smooth at the base locus.
Suppose that Q is a quadric in the net smooth at the base locus, and a pseudofibre Q ∩ Q ′ is singular at a P 3 -basepoint p i . This means that the differentials dQ and dQ ′ are linearly dependent at p i , so (multiplying by a constant if necessary) d(Q − Q ′ ) = 0 at p i . By Assumption 1, this implies that Q − Q ′ is the unique quadric Q i in the net singular at p i , or put another way Q ′ = λQ + µQ i . So the pseudofibre Q ∩ Q ′ is singular at p i if and only if Q ′ belongs to the pencil λQ + µQ i , implying that Q ∩ Q ′ = Q ∩ Q i . Now suppose C ⊂ P 2 is a curve over which all pseudofibres of f are singular at a P 3 -basepoint p i . Fix a quadric Q in the net which is smooth at the base locus. Over any point of f (Q) ∩ C the pseudofibre of f is singular at p i . Over a point q ∈ f (Q) ∩ C the pseudofibre is an intersection Q ∩ Q ′ , and by the previous paragraph we can take
Since this is true for any quadric Q in the net smooth at p i (which Q comprise a Zariski-open set in the net), we must have C = f (Q i ). We conclude that the only subvarieties of P 2 over which all the pseudofibres of f are singular at the base locus are the lines f (Q i ), the images of the finitely many quadrics Q i in the net singular at the base locus.
Suppose D is a reducible effective divisor in X whose image f (D) ⊂ P 2 is an irreducble curve C; without loss of generality, we can assume D = f −1 (f (D)), that is, D is a union of fibres. Contracting the exceptional divisors E i in X, the image of D is an effective divisor ∆ ∈ P 3 . If some pseudofibre contained in ∆ is smooth at the base locus, then as explained above ∆ must be a supported on a rank-2 quadric in the net. If the pseudofibre over every point of C is singular at the base locus, the previous paragraph implies that C must be one of the lines f (Q i ) in P 2 , so ∆ is supported on Q i . We therefore have three types of contribution to the rank of ker r: first, the class − 1 2 K X ; second, reducible quadrics in the net smooth at the base locus, each of which adds 1 to the rank of the kernel; third, the quadrics Q i singular at the base locus. Let us anaylse the contribution of these Q i to the rank of the kernel.
First, suppose Q i is an irreducible reduced cone, with vertex at p i . The corresponding divisor f −1 (f (Q i )) on X has m i components in total, namely the class of the proper transform of the cone together with m i − 1 classes of the form e j, j+1 . The preimage of any line in P 2 has class − 1 2 K X in Pic X, so the classes of these m i components sum to − 1 2 K X . Therefore Q i contributes m i − 1 to the rank of ker r.
Next suppose that Q i is a rank-2 quadric in the net singular at the base locus. The singular locus of Q i is a line in P 3 , therefore contains at most 2 basepoints of the net by Lemma 1.1. The corresponding divisor f −1 (f (Q i )) on X has 2 + (m i − 1) components if Q i is singular at 1 basepoint p i and 2 + (m i − 1) + (m j − 1) components if Q i is singular at 2 basepoints p i and p j . Again, in both cases the classes of these components sum to − Finally, consider the case of a non-reduced quadric Q i -that is, a double plane 2P . In this case, all quadrics in the net except Q i must be smooth at the base locus, by Assumption 1. The (reduced) plane P passes through some subset of the basepoints, including all of the P 3 -basepoints (which are therefore all multiple). The proper transform of P on X has class h − e i 1 − · · · − e i j in Pic X, for some set of distinct indices. Therefore the proper transform of Q i on X has class 2(h − e i 1 − · · · − e i j ). On the other hand, this proper transform must be disjoint from some smooth fibre C, which has class 4l − i l i . We conclude that j, the number of indices in the expression for the class of P , must be 4. Again, the divisor f −1 (f (Q i )) has class − 1 2 K X = 2h − i e i . We can rewrite this as a sum of effective classes as follows:
where the first sum is taken over the P 3 -basepoints p k , the second over all basepoints p l infinitely near to p k , except the highest, and R is a sum of terms of the form e l, l+1 which have already appeared in sum. The number of distinct terms in this sum is 1 + p i (m i − 1), with the sum taken over all P 3 -basepoints p i . Hence the contribution to the rank of ker r is
. (It may help to think about the fibre of f over a general point of f (Q i ); this is one of the degenerations of elliptic curves described by Kodaira in [11] . For instance, if our net has a single basepoint of multiplicity 8 and a double plane Q i = 2P , then the fibre over the generic point of f (Q i ) is a curve of type III* in Kodaira's notation.)
Let us now show that the above arguments together give the formula claimed. In the case of no double plane in the net, the total contribution to the rank of ker r from quadrics singular at the base locus is
where the first sum is taken over multiple P 3 -basepoints at which the singular quadric is an irreducible cone, the second over multiple basepoints at which the singular quadric is a rank-2 singular at 1 basepoint, and the third is taken over pairs of multiple P 3 -basepoints both lying on the singular locus of the same rank-2 quadric. Since every multiple P 3 -basepoint is of one of these three types, summing we get
where d sing is the number of rank-2 quadrics in the net singular at the base locus. Finally including rank-2 quadrics smooth at the base locus, each of which contributes 1 to the rank, and the class − In the case of a double plane in the net, we know that all rank-2 quadrics in the net must be smooth at the base locus, so each contribute 1 to the rank of ker r, and also that there are no cones in the net with vertex at a basepoint. So using the formula from a few paragraphs back, and including − 1 2 K X again, we get rank ker r = 1
(Recall that in this case all P 3 -basepoints are multiple, so we are summing over the same set as before.)
Finally computing the rank ρ of Pic 0 E as ρ = 8 − rank ker r, we get in both cases
Extremal fibrations and root systems
In this section, we will show that the possibilities for an extremal fibration are constrained by a certain root system. Together with the rank formula from Section 2, this will lead to a combinatorial classification of extremal fibrations in Section 4.
More precisely, suppose f : X → P 2 is an extremal fibration. Call an irreducible divisor in X vertical if it mapped by f to a curve in P 2 ; we saw in the previous section that the only vertical divisors are components of divisors f −1 (L), where L is a line in P 2 . We will prove that the possible configurations of vertical divisors are constrained by maximal-rank subsystems of the root system E 7 . Before explaining this, let us state the following lemma. A proof can be found for instance in [7, Theorem 6.1.2, Table 5 ]. 
We define a bilinear form denoted · on Pic X as follows:
where as before • means intersection of algebraic cycles on X. For any D ∈ Pic X, we
, so a divisor belongs to the corank-1 sublattice K ⊥ X if and only if it has degree 0 on any fibre of f . That means the surjection r : Pic X → Pic E restricts to a surjection r : K ⊥ X → Pic 0 E. So the latter group is finite -that is, f is extremal -if and only if the kernel of r has finite index in K ⊥ X . But the kernel of r is generated by the classes of vertical divisors. So given an extremal fibration X, the lattice Vert(X) ⊂ Pic X spanned by classes of vertical divisors must be a finite-index sublattice of K ⊥ X .
It is easy to check that the vectors h 1234 , e 12 , e 23 , . . . , e 78 form a system of simple roots of K ⊥ X under the bilinear form defined above, and hence that K ⊥ X is isomorphic to the affine root systemẼ 7 . At first sight, the appearance of root systems in this context may seem surprising, but there is an explanation. The definition above shows that D 1 · D 2 actually computes the intersection number of the curves D 1 ∩ Q and D 2 ∩ Q inside Q, the proper transform of a general quadric in the net. Now f | Q : Q → f (Q) ∼ = P 1 is a rational elliptic surface, so classical results [2, p. 201] on elliptic surfaces tell us that the intersection form on the classes of curves lying in fibres of f | Q defines the structure of a root system. Therefore the original form defined on Pic X also defines a root system. (For an extensive discussion of the connection between point sets in projective space and root systems, see [5, Chapter 5] .)
Define the radical Rad Λ of a lattice Λ to be the subgroup of elements λ ∈ Λ such that λ · x = 0 for all x ∈ Λ. Then Rad(K ⊥ X ) is spanned by the class − 1 2 K X , and
For any extremal fibration X, the sublattice Vert(X) ⊂ K ⊥ X spanned by classes of vertical divisors contains the class −
as a subsystem of finite index.
Therefore, given any extremal fibration X, the root system Vert(X)/(− 1 2 K X ) must be one of the 7 listed in Lemma 3.1. What does this tell us about the possible configurations of vertical divisors? We noted above that a vertical divisor in X must map to a line in 
Note also that the number of nodes of Γ i is one less that the number of components of f * (L i ), since the classes of those components sum to −
The upshot is that to determine the possible configurations of f -vertical divisors in X, we need to determine all graphs obtainable from the Dynkin diagrams of the subsystems in Lemma 3.1 by adding 1 node to each connected component. There is one extra condition: given a line L ⊂ P 2 and the corresponding lattice Λ(L) ⊂ Vert(X) spanned by classes of irreducible components of f * (L), we know that Λ(L) is negative semi-definite but not negative definite. (It contains − 1 2 K X , which has square 0.) Consequently it is isomorphic to an affine root system of rank k − 1. So, we must add our nodes in such a way that each component of the resulting graph is the Dynkin diagram of some affine root system. (See for instance [10] for a classification of these.) The result is the following:
1. E 7 : Here we are adding just 1 node. The only possible outcome isẼ 7 .
2. A 7 : Adding 1 node, we can get eitherÃ 7 orẼ 7 .
3. A 5 ⊕ A 2 : For n ≤ 6, the only allowed way to add a node to A n yieldsÃ n . So in this case we getÃ 5 ⊕Ã 2 . (Here, and below, the symbol ⊕ on the right-hand side simply means the disjoint union of graphs.) 4. 2A 3 ⊕ A 1 : As above, we get 2Ã 3 ⊕Ã 1 .
D
The only allowed way to add a node to D n (n ≥ 4) yieldsD n . So here we get D 6 ⊕Ã 1 .
6. D 4 ⊕ 3A 1 : As above, getD 4 ⊕ 3Ã 1 .
7. 7A 1 : As above, get 7Ã 1 .
We can summarise our results as follows.
A choice of finite-index subsystem determines the configuration of f -vertical divisors on X, and all possibilities are realised.
Proof:
We have already proved the first claim. It remains to verify the second and third claims.
For the second claim, we must show that the finite-index subsystem Vert(X)/(− 1 2 K X ) ⊂ E 7 determines the configuration of vertical divisors uniquely. In light of the above discussion, all we need show is that if Vert(X)/(− 1 2 K X ) ∼ = A 7 , then the configuration of vertical divisors is notẼ 7 . If the configuration wereẼ 7 , we would have Vert(X)/(−
contrary to assumption. So the configuration of vertical divisors is uniquely determined by a choice of subsystem.
The last claim will be verified in Sections 4 and 5. In Section 4 we will determine the combinatorial possibilities for a net of quadrics whose associated configuration of f -vertical divisors is a given graph Γ on this list. Then in Section 5 we will exhibit standard forms for each permitted type of net, which shows in particular that they exist. (QED Theorem 3.2)
is an extremal fibration with generic fibre E. Then the Mordell-Weil group Pic 0 E is determined by the configuration of vertical divisors, and is given by the following table. (The types corresponding to a given configuration will be derived in Section 4.)

Vertical divisors Pic
0 E Types
Proof: We know from the earlier discussion that 
Combinatorial classification
In this section we use the list of possible configurations of vertical divisors from Section 3 together with the rank formula of Theorem 2.1 to determine the possible types of an extremal net. In fact, the list gives us more information: given an extremal net with its type and configuration of vertical divisors, we can say exactly which classes D ∈ Pic(X) are represented by vertical divisors. 
. , 8}).
In the first case we will say theÃ 1 component is conical; in the second we will say it is smooth.
Proof: Note that irreducible vertical divisors D i and D j are nodes of anÃ 1 -component if and only if D i · D j = 2. To prove the lemma, we simply need to consider the intersection numbers of different types of vertical divisors.
First consider the class of a double plane. In any net containing a double plane, all other quadrics are smooth at the base locus (by Assumption 1). So the only types of vertical divisors are classes of planes h abcd and divisors e i,i+1 . But given any plane h abcd which is a component of a quadric in the net, at least one of {a, b, c, d} is the index of a P 3 -basepoint. If h ijkl is the class of a double plane, then all indices of P 3 -basepoints are contained in {i, j, k, l}. So
So the class of a double plane cannot be a node of a component of typeÃ 1 .
Next consider h abcd , the class of a component of a rank-2 quadric Q in the net which is singular at the base locus, say at p a . Then the other component of Q has class h aijk for some indices i, j, k, and we have h abcd · h aijk ≤ 1. Also, h abcd · e i,i+1 = −1, 0 or 1 for any i. Finally, the class of a singular cone with vertex at p i is 2h − 2e i − k =i,j e k (where p j is the highest-order basepoint infinitely near to p i ). Calculating, this gives h abcd · c i ≤ 1. So h abcd cannot be a node of component of typeÃ 1 .
Next consider the class c i of a singular cone with vertex at p i . The argument in the last paragraph shows that c i · h abcd ≤ 1 for any class h abcd . If c ι is the class of a cone with vertex at another basepoint p ι , then
But the first sum includes a term e ι (since p ι is not infinitely near to p i ) and the second includes e i . So this is 8 − 2 − 2 − #({1, . . . , 8} − {i, j, ι, λ}) = 0. Also c i · e j,j+1 = 2 if and only if c i contains a term −2e j , but no term e j+1 -that is, if and only if i = j and p i is a basepoint of multiplicity 2. This gives the first case above.
Next consider the class h abcd of a component of a quadric Q in the net smooth at the base locus. We have seen already that h abcd · c i < 2 and h abcd · e i,i+1 < 2 for all i. Also, clearly h abcd · h ijkl = 2 if and only if {a, b, c, d} ∩ {i, j, k, l} = ∅ -that is, if and only if h ijkl is the class of the other component of Q. This gives the second case of the statement.
Finally, consider a class e i,i+1 . The only case not yet dealt with is e i,i+1 · e j,j+1 . Again, one can check that the only possible values are −2, 0 and 1. (QED Lemma 4.2)
The following lemma was already proved in Section 3, in the discussion preceding Theorem 3.2. We repeat it here to fix notation, and to emphasise the role of Theorem 2.1 in the classification argument which follows. In particular, since B+C = d = n−1 in the notation of Theorem 2.1, we have n ≤ h 0 (Γ X )+1.
Proof of Theorem 4.1: We saw in the previous section that the graph Γ X of irreducible vertical divisors on an extremal fibration X must be one of the 7 graphs in Table 2 . To prove the theorem, we will consider each of these graphs Γ in turn, and determine for which types {m 1 , . . . , m n } of nets there can exist an extremal net of that type with configuration of vertical divisors equal to Γ. This process rests on several earlier results. First, Theorem 2.1 tells us how many rank-2 quadrics an extremal net of a given type must contain. Next, the first lemma above narrows down the possibilities for a component of typeÃ 1 in any of the graphs. Finally, the second lemma allows us to ignore types {m 1 , . . . , m n } with more than h 0 (Γ) + 1 distinct P 3 -basepoints. For the purposes of the proof, let us introduce some terminology. A simple chain is a connected graph consisting of nodes n 1 , . . . , n k , edges (of multiplicity 1) joining n i to n i+1 for i = 1, . . . k − 1, and no other edges. A simple k-chain is a simple chain with k nodes.
For any net of quadrics in P 3 , we adopt the following convention in labelling its basepoints. First choose a P 3 -basepoint, and call it p 1 . If p 1 has multiplicity m 1 , then we define p 2 to be the basepoint in the exceptional divisor E 1 , p 3 to be the basepoint in the exceptional divisor E 2 , and so on up to p m 1 . We then choose p m 1 +1 to be another P 3 -basepoint, and repeat, until we have exhausted all basepoints. So for instance, if we have a net of type {5, 2, 1}, its P 3 -basepoints will be labelled p 1 , p 6 , and p 8 . Suppose Q = P 1 ∪P 2 is a rank-2 quadric in an extremal net, with P 3 -basepoints p 1 , . . . , p i k . We will use the (somewhat imprecise) notation Q = 1 m 1 2 m 2 . . . k mn +1 µ 1 2 µ 2 . . . k µ k to indicate that the plane P 1 (resp. P 2 ) has intersection multiplicities with a smooth quartic C = Q 1 ∩Q 2 (Q 1 , Q 2 quadrics which, together with Q, span the net) equal to m 1 , . . . , m n (resp. µ 1 , . . . , µ k ) at p 1 , . . . , p i k . We refer to such an expression as the multiplicity data of Q. Note that there are various constraints on multiplicity data for rank-2 quadrics in the net. For one, the sums m i and µ j of exponents appearing in each term must always be 4, since any plane in P 3 intersects a quartic curve with multiplicity 4. Also, the 'intersection' of the two terms must consist of at most 2 basepoints, since if two planes in P 3 share 3 non-collinear points p i , they are equal. So for example an expression of the form Q = 1 2 2 2 + 1 2 2 1 3 1 is not permitted. Now let us consider each graph Γ from Table 2 in turn.
1. First consider the case Γ = 7Ã 1 . I claim that the only possible type in this case is {1, 1, 1, 1, 1, 1, 1, 1}. To see this, note that the base locus of any net contains at most 4 multiple basepoints. So at most 4 of theÃ 1 -components of Γ are conical, hence at least 3 are smooth. So there are at least 3 rank-2 quadrics in the net smooth at the base locus. I claim any set {Q 1 , Q 2 , Q 3 } of 3 such quadrics must span the net.
If not, the third quadric would belong to the pencil spanned by the other 2; rescaling, we could write
If not, we could write αL 1 + βΛ 1 + γL 2 = 0. None of the coefficients in this relation can be zero, since by assumption the components of Q 1 and Q 2 are all distinct (they give distinct elements of Pic(X)). So we see that
Intersecting with any other Q ′ in the net but not in the pencil Q 1 , Q 2 , we would get a point in the base locus at which Q 1 is singular, which contradicts the fact that Q 1 gives anÃ 1 -component of smooth type. We conclude that L 1 , Λ 1 , L 2 are linearly independent. So changing coordinates, we can assume that Assume now we have an extremal net of type {1, 1, 1, 1, 1, 1, 1, 1}. Since there are no multiple basepoints, the 7 rank-2 quadrics in the net are smooth at the base locus. We must show that the classes of components of these quadrics are (up to permutation of indices) as shown in Table 2 .
To see this, note first that there are at most 3 classes of the form h 12ij . If there were 4 or more, we would have to choose at least 8 indices from the set {3, 4, 5, 6, 7, 8}. Hence at least one index would be repeated -say (by relabelling) the index 3. Then there would be 2 classes of the form h 123j , which is impossible. So there at most 3 classes of the form h 12ij , and hence by symmetry at most three classes of the form h abij , for any pair {a, b} ⊂ {1, . . . , 8}.
For each rank-2 quadric Q in the net, a given basepoint lies in exactly 1 component of Q, so given an index a ∈ {1, . . . , 8}, exactly 7 of the 14 classes h ijkl in the graph have a ∈ {i, j, k, l}. Consider the 7 classes h aijk : there are 21 indices to choose from {1, . . . , 8}−{a}, with each index appearing at most 3 times (by the previous paragraph). The only possibility is that each index appears exactly 3 times.
Therefore for any pair {a, b} ∈ {1, . . . , 8}, there are exactly 3 nodes of the graph which have the form h abij . Since no 2 classes h abij can share 3 indices, each index in the set {1, . . . , 8} − {a, b} appears in exactly one of these classes. Geometrically, this means that given 3 basepoints p a , p b , p c of the net, the plane spanned by these 3 points is a component of a rank-2 quadric in the net, and contains a fourth basepoint p d of the net.
We can relabel basepoints if necessary so that p 4 is the fourth basepoint on the plane spanned by {p 1 , p 2 , p 3 }, p 6 is the fourth basepoint on the plane spanned by {p 1 , p 2 , p 5 }, and p 7 is the fourth basepoint on the plane spanned by {p 1 , p 3 , p 5 }. This gives the classes h 1234 , h 1256 , and h 1357 (and since every node in the graph determines the node to which it is connected, the 3 classes joined to these) appearing in the diagram. Since every node in the graph determines the node to which it is connected, this completes the proof that the nodes of the graph (possibly after permuting indices) must be the configuration in Table 2 (ii) Type {4, 3, 1}: Since this type has no basepoint of multiplicity 2, Lemma 4.2 says there is no conicalÃ 1 -component. So all 3 of theÃ 1 -components are smooth, implying there are at least 3 rank-2 quadrics in the net. This is impossible by Theorem 2.1, so this type does not give Γ.
(iii) Type {4, 2, 2}: The nodes e 12 , e 23 , e 34 form a simple 3-chain, which must be contained in theD 4 -component. The nodes e 56 and e 78 are disjoint from this chain, and from each other, so they must belong to 2 distinctÃ 1 -components, which are therefore conical, with nodes e 56 , c 5 and e 78 , c 7 . Since a conicalÃ 1 -component comes from a basepoint of multiplicity exactly 2, the third such component must be smooth. So there must be a rank-2 quadric in the net smooth at the base locus. Clearly, the only possibility for the multiplicity data is Q = 1 4 + 2 2 3 2 . The corresponding nodes of the diagram are h 1234 and h 5678 . The other rank-2 quadric in the net must therefore be singular at the base locus, and its components must give the other 2 nodes in theD 4 -component. Suppose a class h abcd has h abcd · e 12 = 0, h abcd · e 23 = 1, h abcd · e 34 = 0. Then the set {a, b, c, d} contains 1 and 2, but not 3 or 4. Also, we have h abcd · e 56 = h abcd · e 78 = 0, so {a, b, c, d} must intersect both {5, 6} and {7, 8} in either 0 or 2 elements. The only two possibilities are h 1256 and h 1278 . This gives the configuration in Table 2 labelled {4, 2, 2}.
(iv) Type {4, 2, 1, 1}: Here there is only 1 basepoint of multiplicity 2, so at most 1 conicalÃ 1 -component. It is easy to see that the only possibility for a smooth A 1 -component is Q = 1 4 + 2 2 3 1 4 1 , so we cannot obtain the remaining 2 such components. Hence a net of this type cannot yield Γ.
( Table 2 , labelled {4, 4} 3 .
(ii) Type {4, 3, 1}. Again theÃ 1 -component must be smooth. Since there is only 1 such component, the other reducible quadric in the net is singular at some basepoint. If it were smooth at p 1 , its multiplicity data would be Q = 1 4 + 2 2 3 1 , hence would be smooth at the base locus. This is impossible, so Q must be singular at p 1 . If it were smooth at p 5 , its multiplicity data would be Q = (iv) Type {4, 2, 1, 1}: First assume theÃ 1 -component is conical. Then there are no rank-2 quadrics in the net smooth at the base locus, hence all 3 rank-2 quadrics in the net are singular at some basepoint. No quadric in the net is singular at a basepoint of multiplicity 1, so each of the 3 rank-2 quadrics is singular at one of the 2 multiple basepoints. But then 2 quadrics must be singular at the same basepoint, which contravenes Assumption 1. So this type cannot yield Γ.
(v) Type {3, 3, 2}: Here we have 2 disjoint simple 2-chains, with nodes e 12 , e 23 and e 45 , e 56 , and a node e 78 not joined to either. It follows that e 78 must be a node of thẽ A 1 -component, which is therefore conical with second node c 7 . The 4 remaining nodes are the components of the 2 rank-2 quadrics in the net, so each is of type h abcd . Consider the node h abcd of this type joined to e 12 : it is not joined to e 23 , so the set {a, b, c, d} contains 1 but not 2 or 3. Also it is disjoint from e 45 and e 56 , so {a, b, c, d} either contains or is disjoint from {4, 5, 6}. But it cannot be disjoint from a set 5 elements, so we must have {a, b, c, d} = {1, 4, 5, 6}. Similar arguments show that the remaining node in this component must be h 1278 , and the 2 missing nodes in the other component are h 1234 and h 4578 . This gives the configuration shown in Table 2 Table 2 labelled {2, 2, 2, 2}.
{6, 1, 1} and {5, 2, 1}. This leaves the following types to be considered: {6, 2}, {6, 1, 1}, {5, 3}, {5, 2, 1}, {4, 4}, {4, 3, 1}, {4, 2, 2}, {3, 3, 2}.
(i) Type {6, 2}: The unique rank-2 quadric in the net must have multiplicity data Q = 1 4 + 1 2 2 2 , so it is singular at p 1 and smooth at p 7 . Because it is singular at p 1 there is no double plane in this net; because it is smooth at p 7 , there must be a cone in the net with vertex at p 7 . But this would give a node joined to e 78 by a double edge, which Γ does not possess. So this type does not yield Γ.
(ii) Type {5, 3}: We have a simple 4-chain with nodes e 12 , . . . , e 45 , and a simple 2-chain with nodes e 67 , e 78 , disjoint from it. The longer chain must be contained in thẽ A 5 -component, and the shorter one in theÃ 2 -component. The third node of theÃ 2 -component cannot be a class h abcd , since we cannot have h abcd ·e 67 = h abcd ·e 78 = 1.
(If we did, we would have h abcd · (e 6 − e 8 ) = 2, which is impossible.) So it must be the class of a cone, hence c 6 . The 2 remaining nodes of theÃ 5 -component must be the components of the unique rank-2 quadric Q in the net. The multiplicity data must be Q = 1 4 + 1 1 3 3 , so these nodes are h 1234 and h 1678 . This gives the configuration shown in Table 2 labelled {5, 3}.
(iii) Type {4, 4}: We know that h 0 (Γ X ) = A+B +C +D = A+D +(n−1) = A+D +1, so to get h 0 = 2 we need A + D = 1. First suppose A = 0. There is a unique rank-2 quadric Q in the net; the only possibilities for the multiplicity data are Q = 1 4 + 2 4 and Q = 1 3 2 1 + 1 1 2 3 . So Q is singular at neither or both of the basepoints. If neither, then there must be cones in the net with vertices at both basepoints, hence D = 2. If both, then there are no cones singular at the base locus, hence D = 0. Neither case gives h 0 = 2. On the other hand, if A = 1, the unique reducible reduced quadric in the net must be smooth at the base locus, so Γ X must have anÃ 1 -component, which Γ does not possess. So this type does not yield Γ.
(iv) Type {4, 3, 1}: We have a simple 3-chain with nodes e 12 , e 23 , e 34 , which must be contained in theÃ 5 -component. So the simple 2-chain with nodes e 56 , e 67 must be contained in theÃ 2 -component. There are 4 more nodes, which are therefore the components h abcd of the 2 rank-2 quadrics in the net. One of these must be the last node of theÃ 2 -component, so must have h abcd · e 56 = h abcd · e 67 = 1. As above this is impossible, so this type does not yield Γ.
(v) Type {4, 2, 2}: We have a simple 3-chain with nodes e 12 , e 23 , e 34 , and 2 nodes e 56 , e 78 not joined to this chain or each other. Possibly after relabelling, e 78 is a node of theÃ 2 component. Again counting nodes, the remaining 2 nodes of this component must be classes h abcd and h ijkl of components of rank-2 quadrics in the net. As before, {a, b, c, d} and {i, j, k, l} must both contain or be disjoint from {1, 2, 3, 4}. So these index sets must be {1, 2, 3, 4} and {5, 6, 7, 8}, and therefore h abcd · h ijkl = 2, which is impossible. So this type does not yield Γ.
(vi) Type {3, 3, 2}: Here we have 2 simple 2-chains, with nodes e 12 , e 23 and e 45 , e 56 , and a node e 78 disjoint from these chains. The 4 remaining nodes must be classes h abcd of components of rank-2 quadrics in the net. Suppose first that e 78 is a node of theÃ 2 -component. The other 2 nodes of that component must be classes h abcd and h ijkl , where {a, b, c, d} and {i, j, k, l} must both contain or be disjoint from {1, 2, 3} and {4, 5, 6}, and must both contain 7 but not 8. Table 2 labelled {4, 4} 2 .
(iv) Type {4, 3, 1}: This type has no basepoint of multiplicity 2, so theÃ 1 -component must be smooth, with nodes h 1234 and h 5678 . We have a simple 3-chain with nodes e 12 , e 23 , e 34 and a disjoint simple 2-chain with nodes e 56 , e 67 . The 2 remaining nodes must be the classes h abcd of the components of the second rank-2 quadric in the of net. There is a unique way (up to graph isomorphism) to embed a simple 3-chain and a simple 2-chain disjointly inD 6 , so for {i, j} = {5, 6} or {7, 8}, one of the classes h abcd must satisfy h abcd · e ij = 1, h abcd · D = 0 for all other nodes D of the graph. In either case {a, b, c, d} contains exactly 2 of {5, 6, 7}. Also it cannot contain {1, 2, 3, 4}, so must be disjoint from it. But then {a, b, c, d} contains at most 3 elements, a contradiction. So this type cannot yield Γ.
(v) Type {4, 2, 2}: This graph has a singleÃ 1 -component, so there is some rank-2 quadric in the net singular at the base locus (and therefore by Assumption 1 no double plane). The multiplicity data of such a rank-2 quadric has the form Q = 1 i 2 j 3 k + 1 4−i 2 2−j 3 2−k . From this we see that Q cannot be singular at both basepoints of multiplicity 2, for if it were we would have Q = , and a node e 78 disjoint from both chains. Any union of 2 disjoint simple 2-chains inD 6 is joined to every node, so we conclude that the node e 78 must belong to theÃ 1 -component. This component is then conical with other node c 7 , and then together with the components of the 2 rank-2 quadrics in the net we get 10 nodes rather than 9. So this type does not yield Γ.
6. The next graph to consider isÃ 7 . Here we need only consider types with at most 2 basepoints, hence the possible types are {8}, {7, 1}, {6, 2}, {5, 3}, {4, 4}.
(i) Type {8}: We have 7 nodes e 12 , . . . , e 78 . There are no rank-2 quadrics in the net, so the only issue is whether the quadric singular at the basepoint is a double plane or a cone. If it were a double plane, it would have class h 1234 , meaning the node e 45 in the graph would have degree 3. The graphÃ 7 has no such node, so the final node must be a cone c 1 . So the only possibility is the configuration shown in Table  2 labelled {8} 2 .
(ii) Type {7, 1}: The unique rank-2 quadric must have multiplicity data Q = 1 4 +1 3 2 1 , so the corresponding nodes must be h 1234 and h 1238 . These have intersection −1, which is impossible. So this type cannot yield Γ -indeed, it cannot occur at all.
(iii) Type {6, 2}: Here the unique rank-2 quadric has multiplicity data Q = 1 4 + 1 2 2 2 , so the corresponding nodes are h 1234 and h 1278 . But h 1278 · e 23 = 1, so e 23 has degree 3, which again is impossible for this graph. So this type does not yield Γ. In this case h 0 (Ã 7 ) = 1, so we must have A = D = 0. Therefore the unique rank-2 quadric in the net must be singular at both basepoints. The multiplicity data of this quadric must be Q = 1 3 2 1 + 1 1 2 3 , so the corresponding nodes are h 1235 and h 1567 . Together with the 3-chains e 12 , e 23 , e 34 and e 56 , e 67 , e 78 , these give the configuration shown in Table 2 labelled {4, 4} 1 . Note that this argument shows in fact that any net of type {4, 4} with h 0 (Γ X ) = 1 must have Γ X =Ã 7 .
7. The final graph to consider isẼ 7 . Here we need only consider types with at most 2 basepoints. We saw above that the type {7, 1} cannot occur, that the type {5, 3} cannot give h 0 (Γ X ) = 1, and that a net of type {4, 4} with h 0 (Γ X ) = 1 must have Γ X =Ã 7 . So the only types we need to consider are {8} and {6, 2}.
(i) Type {8}: As for the case Γ =Ã 7 , the only issue is whether the quadric singular at the basepoint is a cone or a double plane. We saw that a cone gives Γ X =Ã 7 , so it must be a double plane, with class h 1234 . So the configuration is as shown in Table 2 
Standard forms for extremal nets
The aim of this section is to find standard forms for extremal nets of the possible types {m 1 , . . . , m n } determined in Theorem 4.1. More precisely, for each possible configuration {m 1 , . . . , m n } i of irreducible vertical divisors shown in Table 2 , we give a unique standard form for extremal nets whose associated configuration is {m 1 , . . . , m n } i .
Note on characteristic:
We must note at this point that some of the arguments used to obtain the standard forms below are not valid in characteristics 2 and 3. Therefore, we claim only that the standard forms below exist for nets in P
To see this, first apply a projective transformation moving the unique basepoint to [X, Y, Z, W ] = [1, 0, 0, 0]. Next, applying an element of P GL(3) ⊂ P GL(4) fixing p 1 , we can move the double plane so that (set-theoretically) it becomes the plane {Z = 0}. This gives Q 1 the form we claimed.
Next consider Q 2 . I claim that we can choose Q 2 to be an irreducible reduced cone with vertex not lying on Q 1 . To see this, consider the subset S ⊂ P 3 consisting of all singular points of all quadrics in the net. I claim S is not contained in {Z = 0}.
Suppose it were, and assume first that the set of singular quadrics spans the net. Choose 2 singular quadrics Q, Q ′ which, together with Q 1 , span the net. By assumption, Q and Q ′ are singular at some point of {Z = 0}. The intersection Q 1 ∩ Q ∩ Q ′ is a single 8-fold point p 1 , which means that both Q 1 ∩ Q and Q 1 ∩ Q ′ must be quadruple lines, meeting at p 1 . It is then not difficult to see that we can find a quadric in the pencil spanned by Q and Q ′ which is singular at p 1 . But this violates Assumption 1 above.
On the other hand, suppose that the set of singular quadrics is contained in a pencil. This pencil is spanned by Q 1 and any other singular quadric Q 2 , which by assumption is a cone with vertex lying in the plane {Z = 0}. We can move the vertex to p 2 = [0, 1, 0, 0] without changing Q 1 or p 1 . Adding a multiple of Q 1 to Q 2 does not change the differential at a point of {Z = 0}, so every quadric in the pencil (hence every singular quadric in the net) is singular at p 2 (and nowhere else, unless it is Q = Q 1 ). Now choose any smooth quadric Q 3 in the net, and consider the intersection Q 1 ∩Q 2 ∩Q 3 . (Note that Q 3 is not contained in the pencil Q 1 , Q 2 , so this intersection is the set of P 3 -basepoints of the net.) If
, with L 1 = {Z = W = 0} the line through p 1 and p 2 , then L 2 ∩ Q 3 would give another basepoint of the net, contradicting our assumption. So Q 1 ∩ Q 2 must be a double line {Z = W = 0}. Therefore the form defining Q 2 looks like Q 2 = αXZ + βZ 2 + γZW + δW 2 . Subtracting a multiple of Q 1 , we can assume β = 0; since Q 2 is an irreducible cone, neither α nor δ are zero. We can therefore scale X and W to obtain α = δ = 1, without changing Q 1 , p 1 , or p 2 . Now the restriction of the form Q 3 to the line {Z = W = 0} must have a double root at p 1 , so the coefficient of XY in Q 3 must be zero. The coefficient of X 2 in Q 3 is also zero, since Q 3 passes through p 1 . Finally, we can subtract multiples of Q 1 and Q 2 from Q 3 to make the coefficients of XZ and Z 2 zero, without changing anything. Note also that since p 2 is not a basepoint of the net, the coefficient ǫ of Y 2 in Q 3 is nonzero. But now computing the determinant of a general member of the net λ 1 Q 1 + λ 2 Q 2 + λ 3 Q 3 , we see that the discriminant locus is defined by a degree-4 polynomial in the λ i which is different from λ 4 3 -specifically, the coefficient of λ 3 2 λ 3 equals −ǫ, which is nonzero. In other words, the set of singular quadrics in the net is not contained in the pencil {λ 3 = 0} = Q 1 , Q 2 , which contradicts our assumption.
So without loss of generality, we can choose Q 2 to be an irreducible reduced cone, with vertex not lying on Q 1 . Applying a projective transformation fixing p 1 and Q 1 , we can bring this vertex to the point p 2 = [0, 0, 1, 0]. This implies that in the equation defining Q 2 , each monomial containing Z has coefficient zero. Q 2 passes through p 1 , so the coefficient of X 2 is zero also: hence
Next we can change coordinates in the plane {Z = 0}, without affecting p 1 , p 2 or Q 1 . So, choose any 2 points in Q 1 ∩ Q 2 which do not span a line through p 1 : we can move these to [0, 1, 0, 0] and [0, 0, 0, 1]. In these coordinates d 2 = f 2 = 0, so we have Q 2 = b 2 XY + c 2 XW + e 2 Y W . Now, Q 2 is an irreducible reduced cone with vertex not lying on {Z = 0}, so its intersection with this plane must be a smooth conic. So none of b 2 , c 2 , e 2 can be zero. Dividing by b 2 , we can write Q 2 = XY + c 2 XW + e 2 Y W . Changing coordinates W → c 2 W , we get Q 2 = XY + XW + e 2 Y W . Finally, changing coordinates Y → e Finally we must deal with Q 3 . First suppose it is a general quadric in the net: it has the form
We know that the plane curves Q 2 ∩ {Z = 0} and Q 3 ∩ {Z = 0} must have an intersection point of multiplicity 4 at p 1 . This means the following. Suppose we restrict to the affine chart {X = 1} inside {Z = 0}. Then on Q 2 , we can express Y say as a power series in W : Y = p(W ). Then, substituting Y = p(W ) into the equation for Q 3 , we get a power series q 3 (W ), and the condition is that this vanish to order 4 at W = 0. Since we already know Q 3 vanishes at p 1 , his gives 3 additional equations in the coefficients of Q 3 , namely d 3 = b 3 , g 3 = b 3 + 2e 3 , j 3 = e 3 . Applying these conditions, and replacing Q 3 by
. From this we see that e 3 cannot be zero, for then Q 3 would be reducible. So dividing across, we can assume e 3 = 1. Moreover, we see that the differential dQ 3 at p 1 is just c dZ, so by Assumption 1 we have c = 0. So, changing coordinates Z → cZ, we can assume c = 1. So we get
Finally, for a given choice of coefficients f 3 , i 3 , it is straightforward to find a projective transformation taking the net spanned by Q 1 , Q 2 and this Q 3 to that spanned by the standard quadrics above.
2. {8} 2 : The next case is a net of type {8} which does not contain a double plane. The unique quadric Q 1 in the net which is singular at p 1 is then a reduced irreducible cone. Again putting p 1 = [1, 0, 0, 0], we see that Q 1 is the cone over a smooth conic in {X = 0} ∼ = P 2 . Standard arguments about smooth quadrics show that we can change coordinates so that
Since p 1 is a multiple basepoint, there must be some tangent line L ⊂ T p 1 P 3 shared by all quadrics in the net. Let p 2 be the unique point of Q 1 ∩ {X = 0} such that p 1 p 2 has tangent direction L at p 1 . We can apply a projective transformation in P GL(3) ⊂ P GL(4) to bring p 2 to the point [0, 1, 0, 0]. Now by Assumption 1, for any choice of generators Q 2 , Q 3 of the net, the differentials d Q 2 and d Q 3 are linearly independent at p 1 . So given a plane P ⊂ T p 1 P 3 containing the line L, we can find a quadric Q in the net with P as its tangent plane at p 1 . In particular we can choose Q so that its embedded tangent plane at p 1 intersects Q 1 in a double line. Moreover, this property is unchanged if we replace Q by Q + λQ 1 (for any λ ∈ k). So without loss of generality, we can assume that Q 2 has embedded tangent plane intersecting Q 1 in a double line 2L, and that the coefficient of W 2 in Q 2 is zero. This means that Q 2 is given by a form
(We know the coefficient of XZ is nonzero, since Q 2 is smooth at p 1 , so we can divide across by that coefficient.) Now consider Q 3 . We know that it passes through p 1 , and that its tangent space at p 1 contains the line L. This implies that the coefficients of the monomials X 2 and XY in Q 3 vanish. Also, subtracting appropriate multiples of Q 1 and Q 2 , we can assume that the coefficients of W 2 and XZ in Q 3 also vanish. Finally, since Q 3 is smooth at p 1 , the coefficient of XW must be nonzero, so we can assume it is 1. Putting these facts together, we obtain
Now we can use the power-series method explained in the previous case to obtain equations in the coefficients of Q 2 and Q 3 . These are as follows:
Things seem pretty bleak, but actually our standard form is close at hand. Let us return to
We have b 2 = 0 since p 2 lies on q 2 , so applying projective transformations which fix p 1 , p 2 , and Q 1 , we can put Q 2 in the form Q 2 = XZ + Y W . We can substitute in d 2 = 1, c 2 = e 2 = f 2 = 0 in the equations above; the result is that we solve for e 3 , f 3 , g 3 i 3 and j 3 in terms of c 3 . Explicitly, we get
Finally, applying projective transformations which fix p 1 , p 2 and Q 1 and map Q 2 to some quadric in the pencil Q 1 , Q 2 , we can put Q 3 in the form There is a unique rank-2 quadric in the net, which we know is singular at p 1 and smooth at p 7 . Therefore its equation is What of Q 3 ? We know it is a quadric containing p 1 and p 7 , so the coefficients of X 2 and Y 2 in Q 3 must be zero. Moreover, we can subtract a multiple of Q 1 to make the coefficient of Y Z equal to zero too. If Q 2 = Q 2a , we can subtract a multiple of Q 2 to make the coefficient of Z 2 equal zero; if Q 2 = Q 2b , we can arrange that the coefficient of W 2 is zero. So we get two possibilities:
Our combinatorial classification showed that the curves Q 2 ∩ {Y = 0} and Q 3 ∩ {Y = 0} must have an intersection point of order 4 at p 1 . As before, we can translate this condition into constraints on the coefficients of Q 3 . In both cases, we get the conditions
We can then apply projective transformations fixing p 1 , p 7 , Q 1 and Q 2 to put it in the form Q 3a = XY + W 2 . But now we note the following: the intersection Q 2a ∩ {Z = 0} is a reducible conic XW , while Q 3a ∩ {Z = 0} is a smooth conic whose tangent line at p 7 is {X = 0}. So these 2 curves have intersection multiplicity 3 at p 7 , meaning that this net is actually of type {5, 3}.
It remains to consider Q 2 = Q 2b , Q 3 = Q 3b . In this case we get Q 3b = b 3 XY + g 3 Y W + h 3 Z 2 , and admissible projective transformations put this in one of two forms:
. But in fact the resulting nets are projectively equivalent: the projective transformation φ ∈ P GL(4, k) with matrix ; there is a unique rank-2 quadric Q 1 in the net, which we can transform to Q 1 = Y Z; there is a unique quadric in the net Q 2 which is singular at p 6 . Exactly the same argument as above shows that we can put this in the form Q 2 = XW + Z 2 , and then put Q 3 in the form XY + W 2 . So this type has the standard form we claimed.
5. {4, 4} 1 : In this case the net has a single rank-2 quadric Q 1 , which has multiplicity data 1 3 2 1 + 1 1 2 3 . We can apply projective transformations to put the basepoints at p 1 = [1, 0, 0, 0] and p 5 = [0, 1, 0, 0], and to put Q 1 in the form Q 1 = ZW . Moreover, without loss of generality the plane {Z = 0} has the correct tangent direction at p 1 , and {W = 0} has the correct tangent direction at p 5 . Now take 2 other quadrics Q 2 and Q 3 which, together with Q 1 , span the net. We can write down quadratic forms defining these quadrics:
Since Q 1 is singular at both basepoints, the differentials dQ 2 and dQ 3 must be linearly independent at the basepoints, by Assumption 1. In affine coordinates {X = 1} near p 1 , their tangent spaces are
Restricting to the plane {Z = 0} these tangent spaces must coincide, which says that a 2 Y + c 2 W and a 3 Y + c 3 W are linearly dependent. On the other hand, restricting to the plane W = 0, the tangent spaces are transverse, implying that a 2 Y + b 2 Z and a 3 Y + b 3 Z are linearly independent. The analogous argument near p 5 says that a 2 X + d 2 Z and a 3 X + d 3 Z are linearly dependent, while a 2 X + e 2 W and a 3 X + e 3 W are linearly independent. In particular we see that neither a 2 nor a 3 can be zero, so without loss of generality, we can divide through the two forms above to get a 2 = a 3 = 1. Then linear dependence implies c 2 = c 3 and d 2 = d 3 . Now scaling Z and W (which does not affect
Now consider the intersection Q 2 ∩ Q 3 ∩ {Z = 0}; this should consist of p 1 with multiplicity 3, and p 5 with multiplicity 1. Setting Z = 0 and X = 1 in the forms defining Q 2 and Q 3 , and setting a 2 = a 3 = c 2 = c 3 = d 2 = d 3 = 1 as explained above, we get the forms Similarly consider the intersection Q 2 ∩ Q 3 ∩ {W = 0}: this should consist of a simple point at p 1 and a triple point at p 5 . Setting W = 0 and Y = 1 in the forms defining Q 2 and Q 3 , we get
By exactly the same reasoning as before, we get the equation
So putting all these facts together, and subtracting multiples of Q 1 from Q 2 and Q 3 to eliminate the monomials ZW in each, we can write our quadrics as
But now
Neither of the coefficients can be zero, since Q is not reducible; scaling X and Z together and Y and W together, we can put Q in the form Q = Z(X + Z) + W (Y + W ), and changing coordinates X → X + Z, Y → Y + W , this becomes Q = XZ + Y W . (Note that none of these changes affect p 1 , p 5 or Q 1 .) We will take Q to be the second generator of our net, so we rename it Q 2 : that is, we define Q 2 := XZ + Y W . Note the following: the intersection Q 1 ∩ Q 2 is a union of lines with total degree four: the line {Y = Z = 0}, the line {X = W = 0}, and the line {Z = W = 0} with multiplicity 2. Any other quadric Q which together with Q 1 and Q 2 , spans the net, must pass through p 1 and p 5 , hence must intersect {Z = W = 0} transversely at those two points. So the correct tangent direction at p 1 is the line {Y = Z = 0}, and that at p 5 is the line {X = W = 0}. Now suppose Q 3 is any other quadric which, together with Q 1 and Q 2 , spans the net.
Since it passes through p 1 and p 5 , it has the form
We can subtract arbitrary multiples of Q 1 and Q 2 without affecting anything, so we may assume that the coefficient b 3 of XZ and the coefficient g 3 of ZW both vanish. We know that if we restrict to the plane Z = 0, the tangent line to Q 3 at p 1 should be the line {Y = 0}. So a 3 = 0, c 3 = 0. Similarly restricting to {W = 0}, the tangent line should be {X = 0}, so d 3 = 0. So (dividing across by a 3 ) we get
Neither of the coefficients f 3 or h 3 can be zero: if f 3 = 0, then Q 1 , Q 2 and Q 3 all contain the line {X = W = 0}; if h 3 = 0, they all contain {Y = Z = 0}. By assumption our net has base locus of dimension 0, so this is forbidden. With this restriction, it is not difficult to see that for any values of the coefficients e 3 , f 3 , h 3 , the net Q 1 , Q 2 , Q 3 = XY + e 3 Y W + f 3 Z 2 + h 3 W 2 is projectively equivalent to the net Q 1 , Q 2 , Q 3 = XY + Z 2 + W 2 , and this gives the standard form claimed. Now consider the third generator of the net, which by Assumption 1 must be a quadric smooth at both basepoints. We can write it as
(the coefficients of X 2 and Y 2 are zero because Q 3 passes through p 1 and p 5 ). Moreover, Q 1 ∩ Q 2 ∩ Q 3 should have 2 points of multiplicity 4 at p 1 and p 5 : this implies the double lines Q 2 ∩ {Y = 0} and Q 2 ∩ {X = 0} should be tangent to the curves Q 3 ∩ {Y = 0} and Q 3 ∩ {X = 0} at p 1 , p 5 respectively. In suitable affine coordinates near these points, the tangent lines to Q 3 inside these planes are defined by c 3 z + d 3 w and f 3 z + g 3 w respectively, so we get d 3 = g 3 = 0 (and c 3 , f 3 nonzero). Finally, replacing Q 3 by
Note that of the four coefficients of Q 3 , only i 3 can be zero: if c 3 were, Q 3 would be a cone with vertex p 1 ; if f 3 were, it would be a cone with vertex p 5 ; if j 3 were, Q 3 would be divisible by Z, which would make it a second rank-2 quadric in the net. If
nonzero, we can do a similar rescaling of variables to make c 3 = f 3 = i 3 = j 3 = 1, and The net contains no double plane. Therefore the unique quadrics in the net singular at the basepoints p 1 and p 5 must be irreducible reduced cones with vertices at p 1 and p 5 . Call these Q 2 and Q 3 respectively: then C 2 := Q 2 ∩ {Y = 0} must be a reducible conic curve (that is, the union of 2 lines in the plane {Y = 0}, which may be equal), and similarly for C 3 := Q 3 ∩ {X = 0}. On the other hand Γ 3 := Q 3 ∩ {X = 0} and Γ 2 := Q 2 ∩ {Y = 0} are smooth conic curves in those planes, each meeting the reducible conic in the same plane in a single point of multiplicity 4. It follows that C 2 (resp. C 3 ) is a double line, tangent at p 1 (resp. p 5 ) to the smooth conic Γ 3 (resp. Γ 2 ).
Let us write
The restriction of Q 2 (resp. Q 3 ) to {Y = 0} (resp. {X = 0}) is a double line, so we get
Rewriting, we have
, for some choice of square roots γ i , ǫ i of c i , e i (i = 1, 2). Now if the forms γ 2 Z + ǫ 2 W and γ 3 Z + ǫ 3 W are linearly dependent, then Q 2 and Q 3 would have an intersection point on the line {X = Y = 0} ⊂ Q 1 , which is impossible since the net has only 2 basepoints. Therefore they must be linearly independent, so we can change variables in Z and W to make
should be tangent to the double line Q 3 ∩ {X = 0} = W 2 , so we get a 2 = 0; an identical argument gives
Finally, we can swap Q 2 and Q 3 , and our net has the standard form we claimed.
8. {4, 2, 2}: In this case we have 3 distinct basepoints. By Lemma 1.1 these do no lie on a line, so we can move them to
The combinatorial classification shows that Q 1 can be taken to be a rank-2 quadric P 1 ∪ P 2 , where P 1 is a plane passing through p 1 , but not through p 5 or p 7 , and P 2 is a plane passing through p 5 and p 7 , but not p 1 . So we can write these as
It is a rank-2 quadric, consisting of a plane Π 1 passing through p 1 and p 5 , and a plane Π 2 passing through p 1 and p 7 . So we have Π 1 = c 1 Z+d 1 W, Π 2 = b 2 Y +d 2 W , with c 1 and b 2 nonzero; dividing out, we can assume these coefficients both equal 1. Now, each of these 2 planes should contain the tangent line at p 1 which is the first basepoint infinitely near to p 1 ; hence, in terms of embedded tangent spaces, that tangent line is the intersection Π 1 ∩ Π 2 . Moroever, we know that the plane P 1 defined above must also contain that tangent line. Finally we must deal with Q 3 . We know it passes through p 1 , p 5 , and p 7 , so the coefficients of X 2 , Y 2 , and Z 2 must be zero. So write Q 3 = a 3 XY + b 3 XZ + c 3 XW + d 3 Y Z + e 3 Y W + f 3 ZW + g 3 W 2 . Moreover, we know the tangent direction Q 3 must have at the 3 basepoints. At p 1 , the correct tangent line is that shared by Π 1 and Π 2 above, namely {Y = Z = 0}. Setting X = 1 in the equation of Q 3 , we get a 3 Y + b 3 Z + c 3 W + (quadratic terms). So we get the condition c 3 = 0. Now consider p 5 : the correct tangent direction there is that shared by the planes P 1 and Π 1 , and that is {X = Z = 0}. Setting Y = 1 in the equation of Q 3 , we get a 3 X + d 3 Z + e 3 W + (quadratic terms), so the condition we get is e 3 = 0. Finally looking at p 7 , the correct tangent direction is that shared by P 1 and Π 2 , and the same argument gives the condition f 3 = 0. Now consider Q 3 , any quadric in the net which forms a basis together with Q 1 and Q 2 . Such a Q 3 must pass through p 1 , p 4 and p 7 . Moreover, Q 1 is singular at one P 3 -basepoint, and Q 2 is singular at the other 2, so Q 3 is smooth at the base locus, and has the correct tangent direction at each. But Q 1 and Q 2 define the correct tangent direction at p 1 and p 4 . Applying these conditions to the quadratic form defining Q 3 , we see that the coefficients of the monomials X 2 , Y 2 , Z 2 , XW and Y W must all be zero. So we can write Q 3 = a 3 XY + b 3 XZ + c 3 Y Z + d 3 ZW + e 3 W 2 . Now the above facts (about smoothness of Q 3 at the base locus, and its tangent directions there) hold for any quadric in the net outside the pencil spanned by Q 1 and Q 2 . In particular they remain true if we replace Q 3 by Q 3 − a 3 Q 1 − d 3 Q 2 . So without loss of generality we obtain Q 3 = b 3 XZ + c 3 Y Z + e 3 W 2 . Now we see that e 3 must be nonzero, for otherwise Q 3 would be reducible. Also, in affine coordinates near p 1 and p 4 the tangent spaces to Q 3 are given by b 3 z = 0 and c 3 z = 0 respectively. Smoothness at these points tells us that b 3 and c 3 are nonzero. So all three coefficients are nonzero; scaling the coordinates we get Q 3 = XZ + Y Z + W 2 , as claimed. Next, we use the fact that the points {p 1 , p 4 , p 6 , p 7 } are coplanar. That means the determinant of the corresponding matrix must vanish: this determinant is −2y 4 y 6 z 7 , and we know y 4 , y 6 , z 7 are all nonzero. This shows that an extremal net of this type can only exist if the characteristic of the base field is 2.
To find the standard form in the case of characteristic 2, we now use that the points {p 5 , p 6 , p 7 , p 8 } are coplanar. Again we use vanishing of the determinant of the corresponding matrix: this determinant is y 6 + z 7 , so we get y 6 = z 7 . A similar argument shows that y 4 = y 6 . So our points have coordinates 
Extremal fibrations and extremal quartics
In this section we assume that the characteristic of the ground field k is not 2. (In particular, our remarks do not apply to the extremal net of type {1, 1, 1, 1, 1, 1, 1, 1}.) Suppose we are given a net N of quadrics in P 3 with some fixed basis, say N = λ 1 Q 1 + λ 2 Q 2 + λ 3 Q 3 . The discriminant form ∆ N = det (λ 1 Q 1 + λ 2 Q 2 + λ 3 Q 3 ) defines a quartic curve in the plane N ∼ = P 2 . It seems reasonable to expect that extremality of the net N in the sense used heretofar should correspond to some extremality property of the quartic N .
To explain the correspondence, we first note that there is a natural connection between plane quartic curves and the root system E 7 . To an isolated hypersurface singularity one can associate in a natural way a root system (see [1, Chapter 4] for details). For plane quartics, the ranks of the root systems associated to its various singular points sum to at most 7, and in this case the direct sum of the root systems is a rank-7 root subsystem of E 7 . So one can hope that for an extremal net N the quartic ∆ N is extremal, in the sense that the associated root system has rank 7. Indeed, it seems natural to expect in this case that the root system associated to N in Table 1 and that associated to ∆ N should in fact be the same. This is what we verify below.
The following table gives, for each type of extremal net N , a defining equation for its discriminant quartic ∆ N and the root system associated to the singularities of ∆ N . (See for instance [3] for details on how to identify root systems of singularities from equations.) Here λ 1 , λ 2 , λ 3 are homogeneous coordinates on the net N ∼ = P 2 .
Type ∆ N Singularities of ∆ N {8} 1 λ 2 4λ 1 λ 2 2 + λ 2 λ 2 3 + 4λ 3
